ABSTRACT. Let X be a variety equipped with a normal crossings collection of hyperplane sections D. We prove that the genus zero, maximal contact logarithmic Gromov-Witten theory of the pair (X, D) is equal up to a multiplicity to the local theory of the total space of the sum of dual line bundles on X. This proves a conjecture of van Garrel-Graber-Ruddat, subject to a stronger positivity condition. Our proof builds on ideas of Abramovich-Chen, introducing a general technique for analysing logarithmic conditions one at a time, allowing us to export results from the smooth pair case to higher rank logarithmic structures, leading to a very short proof of the local/logarithmic conjecture.
INTRODUCTION
Let X be a smooth projective variety and D a simple normal crossings divisor with nef components. This paper concerns the relationship between two curve counting theories X: the logarithmic Gromov-Witten theory of the pair (X, D), and the local Gromov-Witten theory of the direct sum of line bundles dual to components of D.
In 2000, Takahashi conjectured that the relative Gromov-Witten invariants of the pair (P 2 , E) with maximal contact order, where E is a smooth cubic curve, should be equal up to a multiplicity to the local Gromov-Witten invariants of the total space of the bundle O P 2 (−3). This conjecture was proved by Gathmann shortly after [10, 24] . This relationship between maximal contact relative invariants and local invariants was generalised, first in unpublished work of GraberHassett, and later for arbitrary pairs (X, D) where D is a smooth nef divisor by van Garrel-GraberRuddat [26] . In this work, they formulate an appealing conjecture. We expect that the very ampleness can be weakened to nefness, as stated in the original conjecture. The following result both provides evidence for this, and forms the key input for the very ample case.
The local/logarithmic conjecture

There is an equality of virtual classes
Theorem B. Let P be a product of projective spaces and let H be the union of divisors obtained by pulling back a hyperplane from each factor. Then the local/logarithmic conjecture is true for the pair (P, H) 1.2. Utilisation. The computations on the local and logarithmic sides often have a rather different flavour to each other, and different collections of techniques have been developed to compute invariants. This is exemplified in recent work of Bousseau-Brini-van Garrel [5] , where the conjecture is verified for toric pairs by calculating both sides explicitly 1 .
The correspondence results are meaningful in both directions. When X is a product of projective spaces and D is the toric boundary, the logarithmic side can be calculated using tropical geometric techniques [11, 15, 17, 18, 19, 22] , which gives access to a large number of local CalabiYau geometries by combinatorial means; this is explored in [5] .
On the other hand, there are relatively few explicit logarithmic Gromov-Witten calculations in the literature, while much more is known on the local side. For example, higher-dimensional local Calabi-Yau geometries have been considered by Klemm, Zinger, and Pandharipande, and give new calculations of logarithmic Gromov-Witten invariants [14, 20] . As a concrete example,
with one point condition can be evaluated as
by applying our main theorem in conjunction with [14, Proposition 3] .
This simple connection between local and logarithmic invariants is a genus zero phenomenon. There does, however, exists a higher genus version of this correspondence, relating the local invariants to refined logarithmic invariants. This relationship is explored, with a large number of concrete calculations, in the upcoming [6] .
1.3. Technique: rank reduction and exportation. The proof of the local/logarithmic conjecture in the smooth pair case uses a beautiful degeneration argument [26, Section 2] . One degenerates the total space of O X (−D) on X to a bundle over the n ormal cone of D in X. The latter can be analysed using the degeneration formula, and a remarkable vanishing leads to the main result.
A natural way in which to approach the general case of the conjecture would be to use the degeneration formula for simple normal crossings degenerations, imitating the older arguments [23] . The general degeneration formula is substantially more complicated than the smooth pair geometry, and in any case, this is not the point of view that we take here.
Instead, we chart a general "pure thought" method for reducing questions about the geometry of logarithmic stable map spaces to the case of smooth pairs. The technique builds on an insight of Abramovich-Chen in the construction of logarithmic stable map spaces [1] . The method pays a small price -the additional positivity assumptions -but the resulting proof is remarkably short, and avoids any analysis of tropical curves or degenerations. We expect that it will be useful for exporting results into the logarithmic setting from the smooth pair case.
Given a logarithmic curve in (X, D), one naturally obtains a logarithmic curve in the smooth pairs (X, D i ) by forgetting the logarithmic structure away from D i . One might naïvely expect that the intersections of these loci in the moduli space of stable maps to X would recover the locus of logarithmic maps to (X, D). This expectation fails, often dramatically, but it can be corrected by first blowing up the moduli spaces of maps to X. The intersection of appropriate strict transforms in these blowups recovers the virtual class of the space of logarithmic maps to (X, D). The novel and recent point of view is that tropical geometry directly informs the blowups that are required to correct this excess intersection.
The remaining key step is inspired by beautiful work of Gathmann during the early development of relative Gromov-Witten theory [9] . Gathmann observed that in the presence of enough positivity for D, the relative Gromov-Witten theory of projective space could be used to define a relative Gromov-Witten theory for pairs (X, D). In combination with reduction of tropical rank, one is led to a rapid proof of the main result. Logarithmic Gromov-Witten theory remains an area with relatively few computations, even in genus zero, and we believe that these techniques will be of use to export the much more developed understanding of the relative case into the subject.
1.4.
User's guide. To begin, we examine the case where X is a product of projective spaces equipped with hyperplanes coming from each factor. In this case the logarithmic target is unobstructed. We express the class of logarithmic maps in terms of smaller logarithmic structures. The resulting product decomposition leads to the correspondence in this case, by a reduction to the smooth pair case (Theorem B). Bootstrapping from this, the formalism of virtual pullbacks then immediately give rise to Theorem A.
LOGARITHMIC PREPARATIONS
We collect the background necessary to prove our main results. We assume that the reader is familiar with logarithmic structures, and the functorial tropicalization of logarithmic schemes and stacks [2, 7, 13, 25] .
2.1. Logarithmic stable maps. The theory of logarithmic stable maps is due to Abramovich-Chen and Gross-Siebert [1, 8, 12] . Let X be a smooth scheme with simple normal crossings divisor D. We equip X with the logarithmic structure induced by D. The theory of logarithmic stable maps considers the fibred category K log (X) over the category of logarithmic schemes. The fibre over a logarithmic scheme S is the groupoid of logarithmic maps
where C is a pointed log curve. The category K log (X) is representable by a stack with logarithmic structure. This stack is naturally identified with the subcategory of minimal objects K(X). A family of logarithmic maps over a logarithmic point S is said to be minimal if its tropicalization is isomorphic to a cone in the moduli space of tropical maps to X trop .
We fix discrete data -the genus, which will be zero for us, the degree β, the number of marked points n, and their contact orders -and package this data in the symbol Γ. These data pick out an open and closed finite type stack K Γ (X). The main theorem is the following. Logarithmic Gromov-Witten invariants are defined by integration of evaluation classes pulled back from X and descendant classes from the moduli space of curves.
Tropical moduli and subdivisions.
We require certain basic notions from the tropical side of the logarithmic stable maps theory. The relevant background can be found in various papers in the literature, so we do not include this as background [7, 12] . In particular, this paper has been written so it can be read alongside other recent results in this subject [21, 23] .
The space of maps from tropical curves to the tropicalization of X forms a stack T Γ (Σ X ) over the category of cone complexes [7] . The category
In this guise, the minimal objects are those families of maps whose tropical moduli is mapped isomorphically to a union of cones in T Γ (Σ X ).
Consider a subdivision of cone complexes
Pulling back along the tropicalization map gives rise to a subcategory
. This subcategory is representable by an algebraic stack K Γ (X) † over schemes with logarithmic structure. Subdivisions in logarithmic geometry, just as in toric geometry, give rise to birational modifications. By definition, the representing stack is the birational modification of K Γ (X) given by the chosen subdivision. 
identifies virtual fundamental classes by pushforward.
We will think of the space K Γ (X) † and its virtual class as a "virtual birational model" of K Γ (X).
2.3.
Toroidal weak semistable reduction. Given a toroidal morphism X → B of toroidal embeddings, the fibres of this map are guaranteed to be logarithmically smooth. However, the morphism need not have equidimensional or reduced fibres. In their work on weak semistable reduction, Abramovich-Karu identify polyhedral criteria for these properties. We record these for later use.
We begin with the criterion for equidimensionality. There is also a criterion for reducedness. 
Toroidal morphisms can be modified to weakly semistable ones, by the toroidal part of the main theorem of Abramovich-Karu. 
which is equidimensional with reduced fibres.
MAIN THEOREM: PRODUCTS OF PROJECTIVE SPACES
Let P be the product of projective spaces P n × P m , let H 1 and H 2 be pullbacks of hyperplanes in each of the factors to the product, and let H be their union. The moduli spaces of genus zero logarithmic stable maps to the logarithmic schemes P, (P, H 1 ), (P, H 2 ) and (P, H) are each logarithmically smooth and unobstructed.
In this section we prove Theorem B in this setting; the extension to more factors is simply a notational exercise.
Reduction of logarithmic rank.
In this first subsection we impose no special restrictions on the discrete data. The basic observation is that the following diagram is cartesian in the category of fine and saturated logarithmic schemes:
A fundamental insight, due to Abramovich-Chen, is that the corresponding moduli spaces of logarithmic stable maps enjoy the same relationship:
However, while this diagram is cartesian in the category of fine and saturated logarithmic stacks, it is not typically cartesian in the category of ordinary stacks. The failure can be accounted for by the fact that the morphisms K Γ (P|H i ) → K Γ (P) are not integral and saturated. These are logarithmic morphisms of logarithmically smooth stacks, and we may pass to the associated morphisms of cone complexes T Γ (P|H i ) → T Γ (P). By applying the constructions of Abramovich-Karu described in the previous section, we obtain refinements and morphisms between them
such that each morphism is combinatorially equidimensional and reduced -that is, it satisfies the polyhedral criteria for these conditions, as outlined in Section 2.3. Passing to the associated logarithmic blowups, we obtain morphisms
both of which are integral and saturated. We thus arrive at the following construction.
Lemma 3.1. The fibre diagram
is cartesian in both the category of stacks and the category of fine and saturated logarithmic stacks.
Refining the maximal contact spaces.
From here on we restrict to the case we are interested in: genus zero with maximal contact. In this setting, the results of the previous subsection can be sharpened. For let T max 0,1 (P|H i , β) denote the the cone complex of the space of maps with maximal contact order to H i . This has a natural modular interpretation as a space of tropical maps [7, 12, 23] . There is a diagram:
The horizontal morphisms forget the tropical target, while the vertical morphism forgets the marked point.
Lemma 3.2. There is a refined diagram of subdivisions
such that each arrow is combinatorially equidimensional and reduced.
Proof. We apply the Abramovich-Karu construction described in Lemma 2.3 twice. First, subdivide to make the top row equidimensional. Then do the same for the composition
The equidimensionality of the first row is stable under further refinement of T 0,1 (P, β) † , and the lemma follows.
These subdivisions induce birational models of the associated logarithmic moduli spaces, such that the morphisms between them are integral and saturated. Moreover since the projections of the universal curves are integral and saturated, these birational models pull back:
The induced morphisms K max 0,2 (P|H i , β) † → K 0,2 (P, β) † are integral and saturated, since they are pulled back from the corresponding morphisms between the one-pointed spaces.
Proof of Theorem B.
From the discussion above, we obtain the following diagram of birational models:
The morphisms p and π are "criss-cross" forgetful morphisms, forgetting on each factor the point with trivial contact order; they are the universal curves. The left square is cartesian by Lemma 3.1, while the right square is cartesian by the definition of the two-pointed subdivisions. Note that all the entries on the bottom row are smooth, since they are obtained from smooth spaces by blowups in smooth centres. By construction we have:
Pushing forward to the one-pointed space and using that the morphism p is flat, we obtain:
The next step is to express p ⋆ [∆ 0,2 ] as the pullback of a different diagonal. Specifically, consider the sequence of universal curves:
Let [∆ 0,0 ] denote the diagonal in the product of unpointed spaces. We claim there is an equality
To see this, observe that ∆ 0,0 is logarithmically smooth and irreducible and the morphism q is a flat family of logarithmically smooth curves, which is generically smooth over ∆ 0,0 . It follows that q −1 (∆ 0,0 ) is logarithmically smooth and irreducible, and hence intersects the locus where the logarithmic structure is trivial in a dense open. Similarly, ∆ 0,2 is logarithmically smooth and irreducible and so p(∆ 0,2 ) is irreducible. Moreover since p is generically strict on ∆ 0,2 , we see that the intersection of p(∆ 0,2 ) with the locus of trivial logarithmic structure is dense in p(∆ 0,2 ). Since q −1 (∆ 0,0 ) and p(∆ 0,2 ) coincide generically on the locus where the logarithmic structure is trivial, the equality of classes follows. Since the subdivisions are pulled back from the space of unpointed maps, the virtual irreducible components of the spaces K 0,0 (E 0 , β) † and K 0,0 (E 0 , β) are in bijection with each other, indexed by the same rigid tropical maps. Given a rigid tropical map [⊏ → Σ] which contributes nontrivially, the curve ⊏ has a single edge mapping onto the target edge, and the remaining edges are unconstrained by the target. Let T Θ (E, β) be the locus of tropical maps with a distinguished edge mapping to the edge of the target. Every cone of T Θ (E, β) maps surjectively onto a cone of T 0,0 (P, β), and is therefore combinatorially equidimensional and reduced. We now consider the fibre product
By the combinatorial conditions above, the right vertical arrow is integral and saturated, and as a consequence, the diagram is cartesian in both stacks and fine and saturated logarithmic stacks.
For the purposes of calculating the pushforward of the virtual class to K 0,0 (P, β) † , the vanishings above imply that it is sufficient to consider the Θ-locus above. The bottom arrow is a local complete intersection morphism, and we deduce the equality
Since the local virtual class also pulls back to the local virtual class on the daggered space, we are left with the desired equality. 
where H i is a hyperplane. Let P denote the product of the targets P k i , and let H be the simple normal crossings divisor induced from the H i .
to birational models. In fact, since the spaces we consider are unobstructed, this can be proved by a naïve dimension count. The lemma is then be applied to the large diagram in the proof of [26, Proposition 5.3] . The vanishing is implied immediately by the lemma, and again, a naïve dimension count suffices to establish it in the unobstructed case.
Lemma 4.1. The morphism
Proof. The logarithmic structure on (X, D) is pulled back from the divisorial logarithmic structure on (P, H), which immediately implies the result.
Lemma 4.2. The morphism
ι : K Γ (X|D) ֒→ K Γ (P|H) has a perfect obstruction theory, and there is an equality of classes
Proof. The moduli space K Γ (P|H) is logarithmically smooth and unobstructed. The obstruction theory for the inclusion map K Γ (X|D) ֒→ K Γ (P|H) is given by the normal bundle of X in P and is perfect. The virtual pullback along ι of the fundamental class of K Γ (P|H) gives rise to a virtual class on K Γ (X|D). The usual virtual class on K Γ (X|D) and K Γ (P|H) are given by the relative perfect obstruction theories over the moduli space of maps to the Artin fan [4] . Since these coincide, the lemma follows by functoriality of virtual pullback [16] .
Note that by the same argument, the morphism K 0,0 (X, β)  − → K 0,0 (P, β) also has a perfect obstruction theory, given by the same bundle.
Proof of Theorem A.
Let m be the combinatorial prefactor occurring in the statement of the local/logarithmic conjecture. We consider the forgetful morphism ν : K max 0,k (P|H, β) → K 0,0 (P, β), noting that it induces a similar forgetful morphism between the spaces of maps to X. From the convex case, we have an equality
Since  is strict, we have a cartesian diagram
K 0,0 (X, β) K 0,0 (P, β). On the other hand, note that the local virtual class is obtained by capping the virtual class of maps to the base with the top Chern class of an obstruction bundle. Since D i = X ∩ H i for each i, it is clear that the two obstruction bundles are compatible along , and hence so are the local virtual classes. We conclude
vir and the result follows.
